Squeezed states of quadratically kicked nanomechanical oscillators 
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We show how to prepare and directly measure the squeezed states of nanomechanical oscillators. 
An intense pulse interacts with a dielectric mirror in a cavity. The quadratic coupling between 
the optical pulse and the oscillator results in the reduction of a quadrature variance of the massive 
oscillator. Differently from others, the proposed scheme here requires neither any post-action on the 
optical field nor a preparation of a nonclassical optical field. Depending on the initial temperature 
of the system, the squeezing of the variance under the vacuum limit can be achieved only by a few 
repetitive interactions. 
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Even though a system of a few tens of nanometer 
scale is small there can still be more than trillions of 
atoms hence it is a massive system in quantum mechan- 
ics. There have been studies on howJ;o achieve a quantum 
state of an optomechanical system [l| where optical fields 
are coupled to nanomechanical mirrors which are treated 
as oscillators in order to control the mechanical state. 
In this aspect, main experimental effort has been con- 
centrated on achieving the ground state of the oscillator 
and a huge progress has been made There have also 
been some theoretical suggestions to achieve nonclassi- 
cal states in the optomechanical system [Sj]. Huang and 
AgarwalQ have also suggested that the cooling problem 
can be bypassed by using squeezed light which due to 
nonlinear radiation pressure coupling gets transferred to 
the nano mirror. 

The nanomechanical oscillator is coupled to an optical 
field by radiation pressure. Assuming a cavity composed 
of a high reflectance mirror at one end and a perfect 
mirror, which is movable, at the other end, the field in- 
put to the cavity pushes the movable mirror and changes 
the cavity length. This causes the change of the cavity 
mode. When the displacement of the mirror is small, the 
total process is summarized in the interaction Hamilto- 
nian Hi — g'hx, where g' is the coupling strength and 
fi is the number operator for the radiation field and x is 
the dimensionless position operator of the mirror. This 
is the situation considered for the cooling of a mirror into 
its ground state. On the other hand, there have recently 
been works [E43 on placing a dielectric mirror, whose 
reflectivity i? < 1, inside a cavity (see Fig. [T]). Here, the 
dielectric mirror is a nanomechanical oscillator interact- 
ing with the cavity field. Using this system, nonlinear 
optomechanical coupling was realized, where the Hamil- 
tonian of the system is [1, |^ 



H' = H„i + Hf + hgfix^. 



(1) 



Hm — h^{x'^ and Hf — hwa^a are the free Hamil- 
tonians for the mechanical oscillator and the field, re- 
spectively and the last term is the interaction Hamilto- 
nian showing the quadratic coupling of the optical field 



with the oscillator's position. The coupling coefficient 
3 ~ mui^ Lc \l '^here L is the cavity length, m is 
the mass of the oscillator and uj and uj,-a the angular fre- 
quencies of the optical field and the mechanical oscillator 
respectively. 



In thispaper, inspired by the recent experimental 
progress [7[ in strong purely quadratic optomechanical 
coupling, we propose a scheme to generate a squeezed 
state and to directly measure the squeezing. There have 
been a few proposals on generating nonclassical states in 
the nanomechanical systems [1, [l0l - [T2j , which use feed- 
back mechanisms or nonclassical fields of light. The post- 
action or the nonclassical field generation may be very in- 
efficient. Recently, Vanner et al. [l3| developed a scheme 
to generate and detect squeezed states, using the strobo- 
scopic interaction of a short pulse with the nanomechan- 
ical oscillator. In this scheme, the mechanical state is 
collapsed into a displaced squeezed state by a homodyne 
measurement of the pulse field after the interaction. The 
displacement of the squeezed state depends on the ho- 
modyne measurement outcome. Differently from these 
schemes, the scheme presented here requires neither a 
feedback nor a measurement of the light field. Utilizing 
the quadratic coupling, we achieve the squeezing without 
any action after the interaction. We also show that the 
quadratic coupling enables the direct measure of squeez- 
ing as the observable depends on x^ . These are impor- 
tant advantages to show the nonclassical nature of the 
nanomechanical oscillators. In particular, while prob- 
ing nonclassicality has been a highly nontrivial task in 
such systems, we provide a realistic scheme to probe the 
quadrature variance of the state with minimum resources. 

Squeezed state generation- In the frame rotating at 
the frequency of the optical field, the Hamiltonian ^ 
becomes 



H = h-^{x^ + p^) + hgnx\ 



(2) 



where the explicit form of the oscillator free Hamiltonian 
is written. In order to find the evolution of the quadra- 
ture operators for the mechanical oscillator, we rewrite 
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FIG. 1: (Color online) Cavity to realize a quaratic kick of 
the dielectric mirror of reflectivity _R < 1. The nanomechan- 
ical oscillator is placed at the antinode of the field, with an 
antinode in the middle of the cavity. 



© as 



H = fl^p^ + g = "^gn + i^rn- (3) 



Note that n is a constant of motion. The Heisenberg 
equations of motion x = "pum, p = ~gx can be easily 
integrated leading to 



(4) 



where the transformation matrix due to the kick [14l | by 
the optical field is 



K{t) = 




cos y/guj„it -\hr- sin y/guj,nt 



sin yjgijimt cos yJgixJmX 



(5) 



The transformation matrix depends on the number op- 
erator for the cavity field. It is interesting to note that 
the transformation matrix shows elliptical behavior. At 
\/guJmt = 7r/2, while p becomes i, with a scaling fac- 
tor \/g/oJrn as well as x becomes p with a scaling factor 
yjujrn/g- As the product of the scaling factors is 1, the 
product of the quadrature uncertainties does not change, 
but these scaling factors would result in squeezing of the 
mechanical oscillator. 

It is natural to assume that the oscillator is at ther- 
mal equilibrium before it interacts with an optical field. 
Thus its mean displacement is zero and = 0, 

where { , } is the anticommutator. The mean variances 
are (Ap^) = (Az^) = n + 1/2 where the mean excitation 
number n ~ \j (^fi-^ml'kBT _ j^-j j^j, ^ given temperature 
T . ks is the Boltzmann constant. The state is called 
squeezed when the variance is below the zero temperature 
limit. Now, let us consider an optical pulse with an aver- 
age photon number around 10^^ and a narrow bandwidth, 
Aoj ^ cj in the cavity whose decay rate k « lO^sec"^. 
The pulse can thus be considered quasi-monochromatic 
and the optical operator n can be replaced by the aver- 
age photon number n^. Note that 10^^ cavity photons 
imply nh = 10^^ photons per sec which means the power 



of about lOOmW for the frequency regime we are inter- 
ested in. We then take the parameters [l^ in the range: 
g = 10~^sec~^ and cUm = lO^sec"^. The mass of the 
nanomechanical oscillator is assumed Ing. The wave- 
length of the optical field is A = 2Trc/u! = 532nm. The 
cavity length is L ^ 6.7cm. The reflectivity of the dielec- 
tric mirror is i? « 0.4. 

From Eq. ^ it is clear that the momentum variance 
is minimum at the initial thermal equilibrium state as 
g/ojm is always greater than 1 for nonzero coupling g. 
On the other hand, the variance of position is reduced 
from the initial value proportional to ujm/g- If the pulse 
interaction time is y/guj^t = 7r/2, the position variance 
after the interaction is uJm/g- For g — lO^^'sec^^and the 
parameter values given above, the position variance is 
reduced by 20 times, which means that the mechanical 
state is squeezed below the quantum limit by one inter- 
action when the oscillator is initially in equilibrium with 
a thermal bath of temperature T = O.lmK {n — 13 for 
ujm — lO^sec"^). In fact, by repetitive interactions be- 
tween optical pulses and the oscillator, we can further 
reduce the variance. For instance, when the tempera- 
ture is ImK, the thermal excitation number is 138 which 
can be brought down to sub-vacuum level by two pulse 
interactions. 

After an interaction, the optical pulse leaves the cavity 
and the oscillator is subject to its free Hamiltonian. Us- 
ing the transformation matrix showing the free evolution 
of the oscillator, 



Mfir) 



cos UJjn T — Sm UJjn T 
sinWmT COSUJmT 



(6) 



the repetitive interaction of the oscillator with n pulses 
is described by 



K,,{t)Mf{T)---K2{t)Mf{T)K,{t)[ I 



(7) 

which shows free evolution of the mechanical oscillator 
between pulse interactions. Here, we have assumed that 
the pulse interactions are the same and the pulse intervals 
are the same. If the free evolution time between the pulse 
interactions is a quarter of the mechanical oscillator pe- 
riod, the quadrature variance will be reduced efficiently 
because the free evolution matrix © becomes antidiag- 
onal. The impact of error in the free evolution time is as 
follows. Assume that the pulse interaction time is chosen 
such that only the off-diagonal terms in Eq.([5]) survive 
as discussed above, i.e. ^/guJ^t = 7r/2. After the sec- 
ond pulse interaction with a period of free evolution for 
a period t between the two pulses, then using the trans- 
formation matrix ([7]), we find the quadrature variance as 
follows; 

{Ap\t)) = {{cosLu^TpiO) - ^ sinojmTx{Q)f), (8) 

where x{0) and p{Q) are the operators for the initial state 
of the oscillator. If the oscillator is initially in the thermal 
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state, the variance becomes (cos^ i^mT+ sin^ w,„T)(n+ 

1/2). As mentioned earlier, uj„iT — 7''/2 gives the opti- 
mum reduction of the variance though any error in r 
would affect the value of the variance. 

During the free evolution, the mechanical oscillator 
dissipates in the thermal environment of the given tem- 
perature. If the dissipation process is Markovian, the 
quadrature variance after the thermal interaction of time 
r appears as the sum of the initial variance (Af^) and 
the variance (n + 1/2) of the thermal environment [Toj : 



where to is the time the probe is switched on. The 
terms omitted at the end represent the contribution 
from Cin- However such terms would not contribute to 
{c(")\t)c^°'>{t)). The solution of Eq. ([TT]) for the output 
field first-order in g directly gives the momentum infor- 
mation; 



cW(i)=g 



r(«+*("'^-"''»^a;2(i-T)c(°)(t-T)dT. (13) 
Note that the free evolution of would give terms like 



and a d.c. term. If we assume that k is large and 



(Ai2(r)) = e-''''{Ax^{0)) + (1 - e~''^)(n -I- 1/2), (9) in fact bigger than 2w™, we can approximate Eq.^ by 



where 7 is the energy dissipation rate of the mechanical 
oscillator. If we wait for the duration of r = n/ujm, con- 
sidering a usual value of the dissipation rate 7 = O.lHz 
[3, the value of the second term is {4x 10"^, 4x 10"^, 4x 
10~^} for the temperatures {IK, ImK, O.lmK}. It is 
clear that at the cryogenic temperature of mK range, the 
thermal influence during the free evolution is negligible. 

Measurement of squeezing.- There have been only a 
few practical schemes to read the optomechanical state. 
Vanner et al. considered the homodyne measurement of 
the optical field after a pulse interaction with a nanome- 
chanical oscillator for the full tomography of the oscil- 
lator state There have also been a proposal for a 
direct probe of the mechanical state using its interaction 
with a qubit [13] ■ We show a scheme to directly probe 
the degree of quadrature squeezing for the mechanical 
oscillator. 

Consider the interaction of the system with a weak 
probe pulse after switching off the pump pulse which was 
used to create squeezing. The interaction Hamiltonian is 
now 

H = hujcc^c + hgc)cx^ + Hra + ih{£p{t)c^ e''-'^^* - c.c). 

(10) 

Here £p is the probe electric field which drives the cavity 
field denoted by the cavity operators c and c) . c.c stands 
for the complex conjugate. The field Sp has the units of 
frequency. Let us work again in a frame rotating with 
the frequency of the probe pulse. The Langevin equation 
for the cavity field has the form 

dc 
dt 



-{n + i{ujc - LOp) + gx )c + £p + V2kCi„, (11) 



where Ci„ represents the vacuum field. To lowest order 
in (7, we can write the solution as 

c(")(<) = ^ fp(T)e-('=+*("'^-'^''»(*-^)dT + ■■■ , (12) 



c(i)(t)« ^x2(t)c(0)(0. (14) 
The output field from the cavity is 

Cout{t)^c^°Ht) + ^x'it)c'^^\t), (15) 

K 

and hence 



loutit) = {cLtit)Cout{t)) 

= (c(°)^(t)c(")(t)) 



^-l{x^t)}+0{g') 



(16) 



This is our key result on the detection of the quantized 
motion of the mirror. The output field directly gives 
motional information. The intensity of the output field 
is directly proportional to the variance of the position 
of the mechanical oscillator. It is remarkable that we 
do not need to calculate the value of the variance on 
the measured data. The mean value of the data directly 
refiects the variance in our case. This has been possible 
because of the second-order coupling in the Hamiltonian 

Remarks.- We have proposed a scheme to generate a 
nonclassical state in a massive optomechanical system 
using the quadratic coupling between optical pulses and 
a nanomechanical oscillator. It is remarkable that the 
oscillator prepared in a cryogenic temperature can be 
squeezed under the quantum limit only by a couple of 
pulse interactions. It is due to the fact that the degree of 
squeezing offered in our scheme is so large. The quadratic 
coupling is also shown to directly measure the variance 
reduction. We have shown that the proposed experiment 
is feasible by the current state-of-the-art. 
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